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Abstract Cones by Means of Monoid

Khin Moe Yee!, Kyaw Zin Oo?

Abstract

In this paper, abstract cones from a unital semi-group are constructed and their properties are
investigated. This research work is a study of abstract cone on the commutative monoid.
There are two parts in this research paper. The first part concerns preliminaries on the
fundamental concepts of the monoid and then we construct the cone on the commutative
monoid.
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Introduction

There are many mathematicians who studied cone and related properties in various
kinds of mathematics. Among them, cone is one of the fields which can be applied in many
areas of applications. Abstract cone on commutative monoid is a kind of research for
mathematicians. They are T. Ando (1962), F. Khojasteh (2013), Y. Sang (2013), and W. W.
Subramanian (2012) extend the abstract cone on semi-group. This research work is a study of
abstract cone on the commutative monoid. There are two parts in this research paper. The
first part concerns preliminaries on the fundamental concepts of the monoid and then we
construct the cone on the commutative monoid. Some usual sets to be investigated whether
they are cones or not.

Preliminaries
Definition. If C is a nonempty set, then a binary operation on C is a function
fromC x Cinto C. If the binary operation is denoted by *, then we use the notation, if (a,
b)e C x C is mapped to C under the binary operation * .

The usual addition + is a binary operation on the set of real numbersR . The usual
multiplication -is a different binary operation on IR . In this example, we could replace by any
of the setsC, Z, R or Z".

Let M (R) be the set of all matrices with real entries. The usual matrix addition + is
not a binary operation on this set since A + Bis not defined for any ordered pair (A, B)of
matrices having different numbers of rows or of columns.

Definitions. A binary operation =*is called commutative if axb = b=*a for all a, b and a
binary operation *is called associative if a* (b=*c) =a= (b=*c) for all a, b, c.

Addition on natural numbers is both commutative and associative binary operation. If
we use*on N bya=*b=a’+b then it is easy to see that is a binary operation on N but is not
associative.

A nonempty set C together with a binary operation * is called a semi-group if
ax(b=xc) =ax*(bx*c)foralla, b,ceC.

The set w={0, 1, 2, ...}of all natural numbers including 0 forms a semi-

group (@, +), under the usual addition of natural numbers and the semi-group (@, .),
under the usual multiplication of natural numbers.
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The set N = {O, 1, 2, } of all positive natural numbers excluding O gives the semi-

group (N, +), under the usual addition and the semi-group(N, .), under the usual
multiplication.

Definition. Let C be a nonempty set. There are two extremely simple semi-group structures
on C with the multiplication given by x*y=xfor x, yeC, (C, *)is called the left zero
semi-group over S.

Let C be any set and denote by A, (C) the set of all finite nonempty subsets of C.
Clearly, A, (C)is a semi-group under the operation of taking the union of two sets.

Let C={0, 1, 2}and define on *C bya*b=|a—b|. Then the set C is not a semi-
group under the operation *.

Indeed 1+ (1%2) = 1x1=0

(1%1) *x2=0%2 = 2

and, hence 1x (1%2)= (1%1) *2.
Proposition. A semi-group can have at most one identity.
Theorem. Cancellation laws may not hold in a semi-group.

Proof. Consider the set M of all 2x 2 matrices over integers under matrix multiplication,
which forms a semi-group.

1 0 0 0 0 0
If we take A = B= andC = :
0 1 0 2 3 0

00
then clearly AB = AC = {O O} But B=C.

Definition. A semi-group C is commutative or abelian if x*y = y*Xxforall x, y €C.

LetC ={(a, b)|a, b are rationals, a0}, define an operation *on C by
(a, b)*(c, d) =(ac, ad +b).

Then C is not commutative or abelian for

(L 2)*(3,4) =3, 4+2)=(3, 6),
and  (3,4)*(1, 2) =(3,6+4)=(3,10).
Thus (1, 2)*(3,4)=(3, 4)*( 2).

Definition. A monoid is a semi-group with an identity element. That is, let C be semi-group
under the operation*. For all X €C there exists e eC such that xxe =e* X = X.

Basic Concepts on Abstract Cones

Let R™ be the set of all real numbers. An abstract cone is analogous to a real vector
space, except that we take the non-negative real numbers as scalars. Since the set of non-
negative real numbers does not form a field, we have to replace the vector space law v +
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(—Vv)=0 by a cancelation law v + u=w + u=v=w. We also require strictness, which means
that no non-zero element has a negative.

Definition. ~ An abstract cone is a set C together with two binary operation
+:CxC—>Cand -:R"xC—>Cand a distinguished element 0 eC,satisfying the
following laws for all v, w, u eCand 2, u e R"where R* = {x|x >0, x € R} such that

(A) O+v=v
(A) v+(W+u)=(v+w)+u
(A) v+w=w+v
(A,) Vv+u=w+u=v=w(cancelation)
(A) v+w=0=v=w=0(strictness)
(A)) 1lv=vandOv=0
(A) (A+pv=Av+m
(A) A(V+W)=Av+Aw.
Example. Let C = {(xl,...,xn) | X, >0,...,X_ 20} — R". Then C is an abstract cone inIR".
For if (0,...,0) €C,(X,,...,X,) €C. Then
©,...,0) + (%,s X)) = (O0+X,...,0+X.)
=(X,.s X, )-
Hence (A) holds.
Let (X, X.), (V- Y,) @nd (z,,...,2,) €C. Then
(e X))+ Voo Y)) F (Z1eer Z,) = O+ Yoo X, +Y,) + (200000 2,)
=(X+Y, +2Z,.., X, +Y, +2,).
(Koo X)) (Voo Vo) + (20000 2,)) = (Ko X))+ (Vo + 200 Y, + 2,)
= (X +Y,+2Z,., X, +Y +2Z).
Hence (A,) holds.
Let (x,,...,X,) and (y,,...,y,) €C. Then
(X X )+ (Ypseons Vo) = O+ Yoo X+ Y0) = (Vo X Vo +%0) = (Ve Vo) + (X X))
Hence (A,) holds.
Let (X, X,)s (Yyseer y,) @ (Zy,...,2,) €C. Then

(X X )+ (Ve V) = (20500 2) + (Vo V) = (X X ) = (200, 2,).
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Hence (A,) holds.
Let (X,...,X.) and (y,,....,Y,) €C. Then
(X X )+ (Vs ¥.) =0= (X, X ) = (Yyseer Y,) =0.
Hence (A,) holds.
Let(X,,...,X,) €C.
A%, X)) = (@X,0,2X ) = (X0 X)) fOrallLeR".
0(x,...,x.) =(0x,...,0x.) =(0,...,0) forall 0 eR".
Hence (A;) holds.
Let (X,...,X,) €C. Then

(A+ )Xo X)) =((A+ 20X, (A + )X,
= (AX, + pX o) AX, + LX)
= A(Xyeenr X )+ (X, X ) Tor all A, u eR™.
Hence (A,) holds.
Let(X,....X.) and (Yy,,....y,) €C.
(Koo X))+ Yoo Vo)) = A0+ Yoo Xy + Y,)
= (A0 + Yp)een A(X, +Y,))
= (AX +AY, e AX, +AY,).
Again  A(X,.0 X))+ AV, V) = (AX e AX ) + (A, AYL)
= (AX +AY, 00 AX, + AY,).
S0 A%, X))+ (Vv Vo)) = Ao X)) + AV, Y,) forall AeR™
Hence (A;) holds.
Therefore C is an abstract cone in R".

Abstract Cones of Usual Sets

In this part, we investigate which kind of usual sets encountered in abstract algebra
are abstract cones such as the set of integers 7, the set of odd numbers O, the set of even
numbers E, the set of rational numbers Q, the set of irrational numbers Q°, the set of non-
negative real numbers IR", the set of real numbers IR, the set of complex numbers C and
the set of Z jwhere p is a prime number.

We discuss whether the following sets with usual addition form some algebraic
structures or not.
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Table (1)
Z{0O E Q QR R | C|Z,
Semi-group VIX VXV
Commutative Semi-group | | x| /| /| x| v | v | v |V
Monoid Vix i VivVEX Vv
Commutative Monoid VI XTIV X VIV VLV
Abstract cone Vi XXV X iV VX

We discuss whether the following sets with usual multiplication form some algebraic
structures or not.

Table (2)
Z O{E|Q Q R R C Z
Semi-group ViV VS X L
Commutative Semi-group | | /| /| /I X |/ v/ |/ |V
Monoid ViV IX X iV
Commutative Monoid ViV X G i X
Abstract cone ViV XV I X v VX
Conclusion

Abstract cones are constructed on the abstract algebraic structure; need not be the
convex as like the certain cones on the vector space.
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