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Direct Products and Direct Sums of Modules

Marlar Thwin*

Abstract

The objects of study in this paper are modules over arbitrary rings, and they can be thought of as
generalizations of vector spaces and abelian groups. Firstly, some basic definitions, including
those of a module and a module homomorphism were introduced. Finally, the theorems and
examples of direct product and direct sum on module homomorphism were proved.
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INTRODUCTION

Modules are central to the study of commutative algebra and homological algebra.
Moreover, they are used widely in algebraic geometry and algebra. In a vector space, the
scalars taken from a field act on the vectors by scalar multiplication, subject to certain rules. In
a module, the scalars only need belonging to a ring, so the concept of a module is a significant
generalization. Much of the theory of modules is concerned with extending the properties of
vector spaces to modules. However, module theory can be much more-complicated than that of
vector spaces.

Basic Concepts of a Module
Definition.[1] Let R be a ring, and let M be an abelian group. Then M is called a left
R-module if there exists a scalar multiplication p:RxM — M denoted by u(r, m)=rm, for all
reR and me M, such that

(1) r(m+mjy) =rmy +rmy Distributivity
(i) (R+rp)Mm=mm+r,m Distributivity
(i) r(rom)=(rnrp)m Associativity
(iv)Im=m Identity.

The fact that the abelian group M is a left R-module will be denoted by gM.

Let A be an R-module and B a nonempty subset of A. Then B is called a submodule of
A if (i) B is an additive subgroup of A (ii) beB, reR = rbeB.

If B is a submodule of an R-module A, then % together with the operations

(x+B)+(y+B)=(x+Yy)+B and (x+B)r=xr+B for x+B, y+B e Agand reR is called
the factor module or the quotient module of A.

Let A and B be R-modules. A mapping f: A — B is called a module homomorphism,
if forall a,be A, reR, for f(a+b)="f(a)+f(b) and f(ra)=rf(a).
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Remarks
(i) If R is a division ring, then f is called a linear transformation.

(i) If f is injective, then f is called a monomorphism.

(iii) If f is surjective, then f is called an epimorphism.

(iv) If fis bijective, then f is called an isomorphism.

(v) A homomorphism from a group G to itself is called an endomorphism of G.
(vi) Anisomorphism from a group G to itself is called an automorphism of G.

Theorem.[2] (Fundamental homomorphism theorem)

Let M and N be left R-modules. If f:M—>N is any R-homomorphism, then
f(M) = M/ker(f).

Proof: LetR bearing, M and N be left R-module, let f e Homg (M, N) .
Thus f:M — N is an R-homomorphism.
Moreover, ker (f) = {x e M/f(x)=0}.
Define a mapping ¢: M/ker(f) —f(M) by o(m+Kker(f)) =f(m) forall me M.
Take any my,m, e M, my +Kker(f) e M/ker(f) and m, + ker(f) € M/ker(f)
my + ker(f) =m, +ker(f)
my —m, € ker(f)
f(m-my,) =0
f(my) =f(my)
So ¢ is well-defined.
Consider o((my +ker(f)) + (m, +ker(f))) = o((my +m,) +Kker(f))
=f(my+my) =f(my)+f(my)
= @(my+ ker(f)) + o(m, + ker(f)) Again,
o(r(my +Kker(f))) = o(rmy +ker(f)) =f(rmy) =ro(my + ker(f)),reR.
Therefore ¢ is R-homomorphism.

Suppose ¢ (m, +ker(f))= ¢ (m, +ker(f))
f(mp) =f(my)
f(m-m,) =0
Thus my —m, e M and my; —m, e ker(f) , my +ker(f) =m, +ker(f). So ¢ is injective.
Take any X ef(M), m*eM such that f(m*)=x.
m*+ker(f) e M/ker(f) and o(m*+ker(f)) =f(m*) =x.
Thus ¢ is surjective. Hence ¢ is isomorphism from f(M) onto M/ker(f) .

That is f(M) = M/ker(f) . n
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Theorem. [3] Let A be an R-module, | be a submodule of ker (f), f: A— S be an R-module
homomorphism and let f: A/l — S be defined by f(a+1)=f(a) forevery acA. Then

(i) T is a unique homomorphism, Im f = Im fand ker(f) = ker(f)/I.

(ii) T is an isomorphism if and only if | = ker(f) and f is an epimorphism.

(iii) A/ker(f)= Imf.

Proof: See [3]. u
Finitely Generated Submodules

Definitions.[3] If X is a subset of a module A over a ring R, then the intersection of all
submodules of A containing X is called the submodule generated by X (or spanned by X).
(1) If Xis finite, and X generates the module A, A is said to be finitely generated.

(i) If X=¢), then X clearly generates the zero module.

(iii) If X consists of a single element, X ={a}, then the submodule generated by X is called
the cyclic (sub) module generated by a.

If Ais an R-module and {B;|i e} is a family of submodules of A, then the submodule
generated by X = ul B; is called the sum of the modules B;.If the index set | is finite, the sum
le

of By, B,,...,B,, isdenoted by B;+B,+...+B,, .

Theorem.[3] Let R be aring, A an R-module, X a subset of A and {Bi lie I} be a family of
submodule of A. Then the sum of {B;|i e} consists of all finite sums
b, +b, +..+b, ,b, €B,; ,i.e, sumof

n
Bjliel{ = bj |[neN*i,elb; €Bj .
Ik k Ik I

k=1
Proof: Sum of {Bj|iel} = the submodule of A generated by

S t
X =UB; ={Zriai +anbj|8,t€ N*,ai,bj e X, I ER,nj GZ}.
]

Therefore each a; e B; for some i€l and since B; is a submodule of A, we have ra; € B;.
Similarly each bj € Bj for some jel and since Bj is a submodule of A, we have njbj €B;j.

Therefore the sum of {B; |i eI} consists of all finite sums b; +bj, +..+b; with b <B;

Definitions.[3] Let {Ai lie I} be a family of nonempty sets. The (external) direct product
HAi of that family is defined as HAi :{{ai |liel}|aje A foreveryie I}. We can write
icl icl
{ajliel} by {aj} and define addition on [ A; by
icl
{ai}+{bi} = {ai + bl} for{ai},{bi} S HAi .

iel
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The (external) direct sum > A; of the family {Ai};_, is defined as
icl
DA = {{ai lie}{aite] A8 = Op, for finitely many i} .

icl iel

Thus D A <[ A

iel iel

Theorem.[3] Let R be a ring R and {Ai |ie I} be a nonempty family of R-modules. HAi is
iel
the direct product of the abelian group A; and ZAi the direct sum of the abelian groups A .
icl

Then
(i) [ JAi is an R-module with the action of R given by r{a;}={ra;}.

icl
(ii) D A; isasubmodule of JJA;.

icl iel
(iii) For each k el , the canonical projection m :HAi — Ay is an R-module epimorphism.

iel
(iv) For each k €1, the canonical injection I : A, — ZAi is an R-module monomorphism.
iel
Proof: (i) Take any {a;}{b}<[ A and rseR.
iel

Then r({aj}+{bi}) = r{aj + b}
={r(aj +0;)}
={ra; +rb;}
={raj}+{rbj}

(r+s){aj} ={(r+s)aj}
={raj +saj}
={raj}+{sa;}
=r{aj}+s{a;}

(rs){aj} ={(rs)a;}
={r(sa;)}
=r{sa;}
=r(s{ai}) .

Therefore HAi is an R-module under the above operations.
il
(ii) Since {04 } € D> A, wehave Y Aj#¢.

icl iel
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Let {a}{b}eD Ajand reR.

iel
If Ilz{iel|ai ;tOAi} and Izz{iel|bi ;tOAi}, then I; and 1, are finite sets and
aj+Dbj =04 forevery igljUl,.
Therefore {i € 1|aj+bj = 0a | = (IgU15) which is finite.
This implies that {a;}+{b;}={a; +b;} ZAi .

icl
Similarly, {i elfraj=0p } Iy which is finite.
Therefore r{aj}={raj}e D _A;.
il
So Y Aj isasubmodule of [ JA;.
il icl
(i) For ke l, m:[JA; > A is defined by my ({aj}) = a.
iel

Let {a}{b}e][A and reR.

iel

Tk ({ai}+{bi}) =Tk ({ai + bl})

= ak + bk
= m ({ai}) + i ({bj})
i ({ai}) = my ({ra;})

=rayg

=TIy ({a,}) .
So my is an R-module homomorphism.
Now, we will show that ) is surjective.
Take any element x € A and let {c;} be an element of HAi such that ¢, = x.

icl
Then ({CI}) =Ck =X.
Therefore ;. is an R-module epimorphism.
(iv) For kel, Iy :A — > A is defined by I, (x)={a;} where a, =x and aj =04 for
icl

=k . Takeany x,ye A, and reR.

L (x+y) ={bi} by=x+y and b; =0p, fori=k

L (x+y) ={c;}+{di}
where ¢ =x and Cj =04, d =y and d; =0p, fori=k

e (X +Yy) =1, (X)+ 1 (Y)
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I (rx) ={c;} where ¢, =rx, Cj =0p, fori=k
= r{f;} where f, =x, fj =0p, fori=k

= rlk(x).
So I, is an R-module homomorphism.
Now, we will show that 1, is an injective.
I (X) =l () ={ci}={d;} where ¢, =x and C; =0p, di =y and dj =04, for i=k
=Ck = dk
=X=Yy
Therefore 1, is an R-module monomorphism. |

Proposition.[2] Let {M} be a collection of left R-modules indexed by the set I, and let N be
a left R-module. For each ael, P, :Hocel M, — M, P, is a projection. Then for any set

{fo o1 Of R-homomorphisms such that f, : N — M, for each a €1, there exists a unique R-
homomorphism f:N—[]__ M, suchthat P,f =f, forall a.cl.

Proof: Let {f_}.,c; be any set of R-homomorphism such that f, : N — M, foreach ael.
Let f:N—>]] _ Mq-

If x e N, then we define f(x) by letting its components (f (X))a =f,(x)foreach ael.
But Py (f(X) =(f(x)),,
P (f (X)) =fo.(X)
(P F)(x) =f, (x), VXeN
Thus Pof =fq -
Hence f can be defined to satisfy P,f =f, forall ael.
Takeany X,yeN and reR.
Thus X+YyeN and rx e N since N is a left R-module.
Hence [f(x+ y)]a =f, (X+Y)
=T () + 1o (y)
=[f )], +[fW], -

h h

For each ael, the ol component of f(X+Y) is the sum of the ol

h

component of f(x) and

the o component of f(y).

f(x+y) =1(x)+1(y)
[F(m)], =Fa ()
=rf, (X)
=r[f (X)]a :
For each o™ component of f(rx) is the product of r and the ol
f(rx) =rf(x).
Hence f is an R-homomorphism.

h component of f(x).
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Letg:N— Hael M, be another R-homomorphism such that p,g=f, forall ael.

P9 =pf, Vael
(Pa9)(X) = (Pef)(X), VX eN.
Po (9(X)) =P (F(X))
[9()], =[f(9],. ¥xeN and Vael.

9(x) =f(x)
g =f
Thus f is a unique R-homomorphism. |

Example. Let M be a left R-module. It can be shown that M is finitely generated if there exists
a submodule N = M such that N and % are both finitely generated.

Let M be a left R-module. Let N = M be a submodule of M such that N and % are
both finitely generated.
Therefore the elements yj,y,,....,y, generate N and Xq,X,,..., X generate % where
Xi =Xj+ N.
Take any xe M.

Kk K
We get X=x+N=(D> ajxj)+N.So (x> ajxj)eN.
i=1 i=1

k n
since yy,y,.... Yy generate N, X— Y ajXj =) bjy;j.
=) -1
k n
Therefore X = )" ajxj +Y_bjy;.
io1 i1
Then M is finitely generated.
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Example. It can be proved that the projection mapping p,, :HaelMa — M, defined by
P (M) =m, isan R-homomorphism.
For each index o €I, the projection mapping p,, :1_[(1el M, — M, is defined by

Pe (M) =m, meHadMa'
m=(my,My,...,Mp,...)

pi(m) =my, pa(M)=my, ..., pp(M)=my,...
Takeany x,ye[] _ Mg reR.

X=(Xg) =(X1, X2, Xps-2)
Y=a) =(Y1.Y2:2 Ynoe) -
Po(X+Y) =(X+Y)q
=Xg + Yo = Po(X) +Pa(Y)
Po (rX) = (),
=Pg (X)
Thus p,, is an R-homomorphism.
Example. For each o el an inclusion mapping i, : M, —>Ha€|Ma is defined by
i, (X)=m where m, =x and mg =0 forall xeM,, and B=a , it can be proved that i, is
an R-homomorphism. For each a1 an inclusion mapping i, : M, —>1_[0L€|MOL is defined
forall xe M, by i, (x)=m.
Take any x,yeM_, aecl and reR.
x+yeM, and rx e M since M is a module.
i,(x)=(00,..,x0,..)
i, (v) =(0.0,...y,0,...)
i, (x+y)=(0,0,..,%x+Y,0,...)
=(0,0,...,x,0,..)+(0,0,...,y,0,...)
=i (X)+ig(Y)
Again, i, (rx)=(0,0,...,rx,0,...)
=r(0,0,...,%,0,...)

=riy(X)
Therefore i, is an R-homomorphism.

o

RESULTS AND CONCLUSION

This theory is applied to obtain the structure of abelian group and the rational canonical
and Jordan normal forms of matrices. The basic facts about rings and modules are given in full
generality, so that some further topics can be discussed, including projective modules and the
connection between modules and representations of groups. Furthermore, the results of this
paper showed how the module structure of algebra plays a vital role in homomorphic signal
processing in branch of engineering mainly in information technology, electronics and
telecommunication engineering, computer science, etc.



124 Hinthada University Research Journal 2020, Vol. 11, No. 2

Acknowledgements

I would like to express my heartfelt gratitude to Dr Theingi Shwe (Rector, Hinthada University), Dr Yee
Yee Than (Pro-Rector, Hinthada University) and Dr Cho Kyi Than (Pro-Rector, Hinthada University), for giving
us permission to write this research paper. I would also like to extend my gratitude to Dr. Nila Swe, Professor and
Head, and Dr. Khin Lay Nyo Nyo, Professor, Department of Mathematics, Hinthada University, for their
enthusiastic reading as well as supporting in this research.

References

Baister Paul, (2018)."Module Theory", University of Memphis, Tennessee, U.S, Spring.

Beachy,J.A., (1999). "Introductory lectures on Rings and Modules", Cambridge University Press, NewYork.
Bland, P.E, (2011). "Rings and Their Modules™" Walter dc Gruyter GmbH & Co.KG, New York.
Hengerford, T.W, (1947)."Algebra”, Spinger Verlag, New York.



