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Abstract 

We consider the linear case of Thermoelectric Magnetohydrodynamic Convection 

problem in three dimensional space. We prove the existence and uniqueness of the 

solutions with weak sense in some Hilbert spaces. 
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Introduction 

 The main purpose of this research is to study the weak solutions of TEMHD problem. 

In the first section, we describe some function spaces, definitions and notations for this 

problem. The governing equations of the problem are presented in the second section. The 

variational formulation of the problem is described in the third section. Finally, we described 

the existence and uniqueness of the weak solutions in the fourth section.  

 
 Preliminaries and Notations 

 Let    be the open bounded subset of ℝ3. Let a, b be two extended real numbers and  

 -∞ ≤ a ≤ b ≤ ∞. If  X be a Banach space, for given  , 1 ≤  < ∞, 

  L(a, b; X) = }dtf(t):Xb][a,:{f
α

1
b

a

α

X














  , 

  L∞ (a, b; X) = },f(t)supEss:Xb][a,:{f
X


 

  C() = {f: f:   K is linear and continuous}, 

  Cm() = {f  C() : DfC(), ,  ≤ m, m > 0}. 

 Let 𝒟()  denotes the space consisting of infinitely differentiable functions with 

compact support in . We also denote  

  𝒱 = {u 𝒟(), div u = 0},  

  V = the closure of  𝒱 in )(1
0 H ,  

  H = the closure of  𝒱 in L2(),  

            𝒲 = 𝒟(),  

  W = the closure of  𝒲  in )(H1
0 

 
and  

  G = the closure of  𝒲  in ).(L2 
  

 
Let  V′, W, H′ and G′ denote the dual spaces of V, W, H and G.  

Then  we have the inclusions  V H  H′  V′ and WG  G′W′.  

As a consequence of the previous identifications, < f, u > = (f, u), for all fH, for all uV.  

  Let p be a distribution on , p𝒟′(). It is easy to check that for any  v𝒱, we have  
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                        < grad p, v > = 0.vdivp,vDp,vp,D

n

1i

ii

n

1i

ii  


 

For fixed u in V, the mapping V ℝ, v((u, v)) is linear and continuous on V. Then, 

there exists an element of V′, denote  Au  such that < Au, v > = ((u, v)), for all vV. Then u 

Au is linear and continuous and also isomorphism from V to  V′. 

 Variational Formulation of Linear TEMHD Problem 

Consider the linear TEMHD Problem (Straughan, 1992) 

  
,θδλ)h(h,Hλ  p

ρ

1
Δuν-

dt

du
i323z1 

 

            ,δu.HΔhη
dt

dh
i3

               (1) 

            
,δh.curlλwβΔθκ

dt

dθ
i33

 
 

                        0,u .  in  Q =   [0, T], 

          0,h .  in  Q =   [0, T], 

where u = (u, v, w): the velocity, p: the pressure,  : the temperature, h = (h1, h2, h3): the 

intensity of the magnetic field.  

 We define the periodicity cell, domain and function space in the form 

 = {(x, y, z)(0, P1)  (0, P2)  (0, d)}, Q =   [0, T] and , the boundary of  . 

We may be written the system (1) as 

   

,f  p
ρ

1
Δuν-

dt

du
1

 

           0,u . 

 

                
,fΔhη

dt

dh
2

        (2) 

           0,h . 
 

      ,fΔθκ
dt

dθ
3  

with the boundary conditions  

  u = 0, h = 0,  = 0, p = 0  on =   [0, T],      (3) 

the periodic boundary conditions u, p, h,  are periodic in x and y direction with period P1 in 

x direction and P2 in y direction respectively and the initial conditions  

  u(x, 0) = u0(x), h(x, 0) = h0(x, 0) and (x, 0) = 0(x)  in .         (4) 

Here f1 = ,θδλ)h(h,Hλ i323z1  f2 = i3δu.H  and f3 = .δh.curlλwβ i33  

Suppose that u, p,  and h are classical solutions of the system (2)-(4) and 

,))Q((Chu, 32 ).Q(Cpand)Q(Cθ 12   

Now, we will consider the variational formulation of the given problem. 

Let v1, v2𝒱 and r𝒲. Multiplying (2)1 by v1, (2)2 by v2 and (2)3 by r and integration 

over , we obtain 
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  ,) v,(f  ) vp,(
ρ

1
) vΔu,(ν-) v,(u 11111t   

                          (ht, v2) - (h, v2) = (f2, v2),      (5) 

    (t , r) - (, r) = (f3, r). 

Using (2)2 and (2)4  and by continuity, the system (5) can be written as 

        ,)v,(f))v((u,ν)v(u,
dt

d
1111   

       ,)v,(f))v((h,)v(h,
dt

d
2222   

                r).,(fr))κ((θ,r),(
dt

d
3  

Now, we obtain following weak formulation of the problem.  

Problem (1)  

Let v1, v2𝒱 and r𝒲. 

Let  u0, h0H, 0G.           

To find u, h and  satisfying u, hL2(0, T;V), L2(0,T;W) and satisfying the equations  

  
,v,f))v((u,ν)v(u,

dt

d
1111        (6) 

  
,v,f ))v((h,)v(h,

dt

d
2222        (7) 

     
,r,f)),((θκ)rθ,(

dt

d
3  r       (8) 

with the initial conditions u(0) = u0, h(0) = h0 and (0) = 0.     (9) 

 The spaces L2(0,T;V), L2(0,T;W), H, G, L2(0,T;V)  and  L2(0,T;W) are the spaces for 

which existence and uniqueness of the weak solutions will be proved. 

 For linear case, suppose that u, h L2(0,T;V) and  L2(0,T;W).  

Then A1u, A2h L2(0,T;V), A2L2(0,T;W).  Hence  f1 - A1u, f2 - A2h L2(0,T;V)  and   

f3 - A2 L2(0,T;W). 

Then, we get 

  

.θ)(t)κA(f
dt

dθ

h)(t),A(f
dt

dh

,u)(t)νA(f
dt

du

23

12

11









 
So, we can see that u, h L2(0,T;V) and  L2(0,T;W).           (10) 

Also, u:[0, T]V, h:[0, T]V  and  :[0, T]W are absolutely continuous a. e. 

In addition, the alternative formulation of the linear weak problem is the following: 

 

 

 



30  Hinthada University Research Journal, Vol. 4, No.1, 2012 

 

Problem (2) 

Let u0, h0 H and 0G. 

To find u, h and  satisfying u, hL2(0, T;V), L2(0,T;W) and satisfying the equations  

  u + A1u = f1,        (11) 

  h+ A1h = f2,        (12) 

   +  A2 = f3,       (13) 

with the initial conditions u(0) = u0, h(0) = h0, (0) = 0.    (14) 

 We shall show that any solutions of problem (1) are the solutions of problem (2). The 

converse is also clear. Problems (1) and (2) are equivalent. 

Construction of Approximate Solutions 

 We will use the Faedo-Galarkin method to construct the approximate problem 

(Teman, 1979).  

Since V and W are separable, there exists the sequence of linearly independent 

elements xi and yi which are total in V and zi which is total in W, i = 1, 2, 3, … m. 

For each m, we define an approximate solutions of problem (1) and (2) as follows: 

   ,(t)xuu

m

1i

iimm 


       (15) 

   ,(t)yhh

m

1i

iimm 


       (16) 

   ,(t)zθθ

m

1i

iimm 


       (17) 

the functions uim, him, im, 1≤ i ≤ m, are the scalar functions defined on [0, T].  

Then ,(t)xuu

m

1i

iimm 


 




m

1i

iimm (t)yhh  and .(t)zθθ

m

1i

iimm 


  

Assume that ,δθλ)h(hHλf i31m21)3(mz1,m1
1

1m    

           i31m
2

1m .δuHf    and  

           .δ . hcurlλwf i31m31m
3

1m     

From the linear problem (1), we get 

  ,x,f))x,((uν)x,u( j
1

1mjmjm        (18) 

  ,y,f))y,((h)y,h( j
2

1mjmjm        (19) 

  ,z,f))z,(()z,( j
3

1mjmjm        (20) 

with the initial conditions um(0) = u0m, hm(0) = h0m  and m(0) = 0m, where u0m, h0m and 0m 

are orthogonal projections in H of u0 on the space spanned by x1, x2, x3, …, xm, H of h0 on the 

space spanned by y1, y2,  …, ym and G of 0 on the space spanned by z1, z2, z3, …, zm 

respectively. 

From, (18)-(20), we have 
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,y(t),f(t))hy,(y(t)h)y,(y

,x(t),f(t))ux,(xν(t)u)x,(x

m

1i

j
3

1mimji

m

1i

imji

m

1i

j
2

1mimji

m

1i

imji

m

1i

j
1

1mimji

m

1i
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  (21) 

Since xi, yi and  zi, 1≤ i ≤m  are linearly independent, the matrices [(xi, xj)] 1≤ i ≤m,                

[(yi, yj)] 1≤ i ≤m and [(zi, zj)] 1≤ i ≤m are nonsingular. 

Using the inverse matrices to (21), we obtain 

  

m.j1,z(t),f
~

(t)θ(t)θ

,y(t),f
~

(t)h~(t)h

,x(t),f(t)u(t)u

m

1j

j
3

1m

1

jmim

m

1j

j
2

1m

1

jmijim

m

1j

j
1

1m

1

jmijim







 

 

 



















m

j

ij

m

j

ij

m

j

ij







  (22) 

with the initial conditions 

   uim(0) = the ith component of u0m, 

   him(0) = the ith component of h0m    (23) 

and 

   im(0) = the ith component of 0m. 

The linear differential system (22) together with the initial conditions (23) define uniquely on 

the whole interval [0, T]. 

Consider  

.dtδθλ)h(hHλ

dtx,δθλ)h(hHλdtx,f

T

0

2

Vi31m21)3(mz1,m1

T

0

2

ji31m21)3(mz1,m1

T

0

2

j
1

1m













 

Then    j
1

1m x,f is squared integrable. uim’s are the sum of squared integrable functions so 

uim’s are also square integrable. Therefore, for each m, umL2(0,T;V) and um L2(0,T;V). 

Also, anddtuHdty,.δuHdty,f
T

0

2

V1-m

T

0

2

ji31m

T

0

2

j
2

1m   

 .dt.δhcurlλwdtz,.δhcurlλwdtz,f
T

0

2

Wi31-m31m

T

0

2

ji31-m31m

T

0

2

j
3

1m    

Obviously, these inequalities are bounded. Hence, the square functions from t to   j
2

1m y,f  
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and   j
3

1m z,f are square integrable and  then him and im are the sum of square integrable 

functions. So, for each m, hmL2(0,T;V), hm L2(0,T;V), mL2(0,T;W) and m 

L2(0,T;W). 

Existence and Uniqueness of the Solutions 

 We will consider a priori estimates independent of m for the functions um, hm and m 

and then pass to the limit. 

Lemma If  um, hm and m  defined by (15)-(17) are approximate solutions of linear problem 

(1), then 

(i) um remains in a bounded set of L∞(0, T; H )  L2(0, T;V ), 

(ii) hm  remains in a bounded set of L∞(0, T; H )  L2(0, T;V ), 

(iii) m  remains in a bounded set of L∞(0, T; G)  L2(0, T;W ). 

Proof:  Multiplying (18) by ujm(t), (19) by hjm(t) and  (20) by jm and add all these equations 

for  j = 1, 2, 3, …, m, we obtain 

  

.(t)θ(t),f(t))θ (t),θκ((t))θ (t),θ(

,(t)h(t),f(t)))h (t),η((h(t))h (t),h(

,(t)u(t),f(t)))u (t),((u(t))u (t),u(

m
3

1mmmmm

m
2

1mmmmm

m
1

1mmmmm













 

And hence, 

   ,(t)f
ν

1
(t)uν(t)u

dt

d 2

V

1
1m

2
m

2
m


    (24) 

   ,(t)f
η

1
(t)hη(t)h

dt

d 2

V

2
1m

2
m

2
m


    (25) 

   .(t)f
κ

1
(t)θ(t)θ

dt

d 2

W

3
1m

2
m

2
m


    (26) 

Integrating (24)-(26) from 0 to T yields 

  
,dt(t)f

ν

1
udt(t)uν(T)u

T

0

2

V

1
1m

2
0m

T

0

2
m

2
m  

  

  
,dt(t)f

η

1
hdt(t)hη(T)h
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0

2

V

2
1m

2
0m

T

0

2
m

2
m  


 

  
.dt(t)f

κ

1
θdt(t)θκ(T)θ
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0

2

W

3
1m

2
0m

T

0

2
m

2
m  


 

Since u0m  u0, h0m  h0  with the norm of  H and  0m  0  with the norm of G as m  ∞ 

then 

  
,dt(t)f

ν

1
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2
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1
1m

2
0

T
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2
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2
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,dt(t)f

η

1
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2

V

2
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2
0

T

0

2
m

2
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.dt(t)f

κ

1
θdt(t)θκ(T)θ

T

0

2

W

3
1m

2
0

T

0

2
m

2
m  


 

This shows that um and hm remains in the bounded set of L2(0,T;V)  and m remains in a 

bounded set of L2(0,T;W).  
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From (24)-(26), we can see that 

   
,(t)f

ν

1
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dt
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1
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2
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2
m




     (28) 

   
.(t)f
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1
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3
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2
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Integrating the system (28)  from 0 to s, we obtain 

  
,dt(t)f

ν

1
u(s)u

s

0

2

V

1
1m

2
0

2
m  


       

  
,dt(t)f

η

1
h(s)h

s

0

2

V

2
1m

2
0

2
m  


       

  
.dt(t)f

κ

1
θ(T)θ

s

0

2

W

3
1m

2
0

2
m  


       

Hence,   

  
Ts0

sup ,dt(t)f
ν

1
u(s)u

s

0

2

V

1
1m

2
0

2
m  


    (29) 

  
Ts0

sup ,dt(t)f
η

1
h(s)h

s

0

2

V

2
1m

2
0

2
m  


    (30) 

  
Ts0

sup .dt(t)f
κ

1
θ(s)θ

s

0

2

W

3
1m

2
0

2
m  


    (31) 

The right hand sides of each of the inequalities  (29)-(31) are finite and independent 

of m, therefore the sequence um and hm remain in a bounded set of  L∞(0,T; H) and m 

remains in a bounded set of  L∞(0,T; G).        

Now, by using the above lemma we obtain the existence and uniqueness of the weak 

solutions of TEMHD problem. 

Theorem Let u0, h0H and 0G then there exists the unique solution (u, h,  ) which 

satisfies problem (2). 

Proof:  According to the result of above lemma, there exists an element u in L∞(0, T; H) and 

a subsequence um such that um converges to u, for weak-star topology of  L∞(0, T; H). Also, 

um is in a bounded sequence in L2(0, T;V). Then, there exists u* L2(0, T;V)  and the 

sequence um, the subsequence of um such that  um  converges to u* in weak topology of 

L2(0, T;V) (Friendman, 1982) 

Hence, u = u* L2(0, T;V)  L∞(0, T;H). 

Similarly, we can show that h L2(0, T;V)L∞(0, T;H)  and  L2(0, T;W)L∞(0, 

T;G). In order to pass the limit in equations (18)-(20) and their initial conditions,  consider 

the scalar function (t) which is continuously differentiable on [0, T]  and (T) = 0. We 

multiply (18)-(20) by (t) and integrate with respect to t, from 0 to T and then taking limit                  

m = m = m∞, we have 

   
T

0

T

0

T

0
j1j0jj ψ(t)dt,x(t),fψ(0))x,(u))dtψ(t)x((u(t),ν)dt(t)xψ(u(t),  (32) 
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T

0

T

0

T

0
j2j0jj ψ(t)dt,y(t),fψ(0))y,(h))dtψ(t)y((h(t),)dt(t)yψ(h(t),   (33) 

   
T

0

T

0

T

0
j3j0jj ψ(t)dt.z(t),fψ(0))z,())dtψ(t)z(t),(()dt(t)zψ(t),(    (34) 

The equations (32)-(34) hold for each j and by continuity, 

   
T

0

T

0

T

0
111011 ψ(t)dt,v(t),fψ(0))v,(u(t)dt)) v((u(t),ν(t)dtψ)v(u(t),   (35) 

   
T

0

T

0

T

0
222022 ψ(t)dt,v(t),fψ(0)),(h(t)dt))v((h(t),(t)dtψ)v(h(t), v

(36)

   
T

0

T

0

T

0
30 ψ(t)dt,r(t),fψ(0)r),(ψ(t)dtr))(t),(((t)dtψr)(t),( 

 
(37) 

where v1, v2  and r are finite linear combinations of xj’s, yj’s and zj’s respectively.  

Since each term of (35)-(37) depend linearly and continuously on v1, v2 and r respectively for 

each of the norm of V and W. Then the equations (35)-(37) are still valid. 

Choosing (t)𝒟((0,T)), we get 

 V,v,v,f))v((u,ν)v(u,
dt

d
11111       (38) 

 V,v,v,f))v((h,η)v(h,
dt

d
22222       (39) 

 W,r,r,fr)),((κr),(
dt

d
3        (40) 

in distribution sense on (0, T). 

The equation (38)-(40) imply the equations (11)-(13). 

Also, we can easily check that the initial conditions (14) are satisfied. 

So, we achieve the proof of the existence of weak solutions in linear case. Next, we will 

prove the uniqueness of the solutions in weak sense. 

Assume that (u1, h1, 1) and (u2, h2, 2) be the solutions of the problem (1). Let u = u1 – u2,     

h = h1- h2 and  = 1 - 2. Then u belongs to the same spaces of u1, u2 and also h and . So, 

   u + A1u = 0, u(0) = 0,      (41) 

   h + A1h = 0, h(0) = 0,      (42) 

    + A2 = 0, (0) = 0.      (43) 

Taking the scalar product of (41) with u(t), (42) with h(t) and (43) with (t), we get 

   0,u(t)2νu(t)
dt

d 22
  

   0,h(t)2ηh(t)
dt

d 22
  

   0.θ(t)2κθ(t)
dt

d 22
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Then   0,u(0)u(t)
22
 0,h(0)h(t)

22
  T]. [0,t 0,(0)(t)

22
   

Hence, we can conclude the uniqueness of the solutions for each t in weak sense.  

Conclusion 

 In this paper, first I have constructed the variational formulation of TEMHD problem 

using Faedo-Galarkin method and I have approximated the variational formulation of the 

problem. And then, I have proved that the solution extracted by Faedo-Galarkin method is 

weak convergent to the classical solution. 
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