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Abstract 
This paper deals with the study on reliability theory. Applications of Poisson 
distribution, Normal distribution, and Exponential distribution using in reliability are 
discussed. The Weibull failure law and reliability of systems of components are also 
studied. Applications of series and parallel system of components can be seen.    
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Introduction 

Nowadays, in modern developed countries, there are Reliability Engineers who play 
the important role in aerospace technology as well as in various technological fields. Theory 
of reliability is applied to test the life time of a component or device.  

Reliability has many different technical meanings. Reliability is defined as the probability 
of a device performing of its purpose adequate for the period intended under the given 
operating conditions.    

When a system or unit does not perform satisfactorily, it is said to have failed and the 
failure is a function of time. The failure rate can be plotted against time and the failure is a 
function of time.  

        The reliability of a component equals the probability that the component does not fail 
during the given time or equals the probability that the component is still functioning at given 
time. In addition, the reliability function plays an important role in describing the failure 
characteristics of an item.                                                

Reliability Function 
  Let X be a fixed number of components to be tested. In this case trails are assumed to 
be mutually exclusive and equally likely. After time t, with Xs(t) surviving and Xf (t) failing, 
where X = Xs (t) + Xf (t) (Meyer, 1966) .  

  Reliability function, the probability of survival, is defined as 

     
X
(t)X

R(t) s=        (1) 

and the probability of failure   
X

(t)X
R(t)1F(t) f=−= .     (2) 

Therefore 

   R(t),
dt
dX(t)X
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d

f −=       (3)         

and 

   (t)X
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d(t)X
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fs −= .                  (4) 
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 Equation (4) shows that the rate of survival of components is the negative of the rate 
at which components fail. From equations (1) and (3), it follows that 

   R(t).
dt
d

R(t)
1(t)X

dt
d

(t)X
1

f
s

−=      (5)           

 Left side of equation (5) is the failure rate or instantaneous probability of failure per 
component and is denoted by λ(t). Then 

   .R(t)
dt
d

R(t)
1λ(t) −=       (6)  

Therefore, ∫=
−

t

0
(t)dt

eR(t)
λ

.                             (7)     

  From equation (7), the properties of R (t) are as follows: 

(i) tR(t)0 ≤≤ , 

(ii)  R (0) = 1 and R (∞) = 0, 

(iii) R(t) is, in general, decreasing function. If f (t) is the density of continuous random 

       variable T and F(t) is its distribution function , 

(iv) ∫ ∫
∞

=−=−=
t

t
dfdftftR

0
.)()(1)(1)( ττττ              (8) 

Failure rate λ(t) and Hazard rate h(t) 

  The rate at which failures occur in the time interval (t1, t2) is called the failure rate and 
is expressed as the conditional probability that failures occur in (t1, t2) given that failures have 
not occurred prior to t1. Then 

                 
∫

∫
∞

−
=

1

2

1

t12

t

t

f(t)dt)t(t

f(t)dt
λ(t)   = R(t)Δt

)R(t)R(t 21 −
,   (9) 

where Δt = t2 – t1. 

Hazard rate the instantaneous rate,    

            h(t) = 
0Δt

lim
→

 ⎥⎦
⎤

⎢⎣
⎡ +−

R(t)Δt
Δt)R(tR(t)   = 

R(t)
f(t)R(t)

dt
d

R(t)
1 =− .            (10)         

 

Mean time to failure and mean time between failures 

  Mean time to failure is the mean time to first failure (O’Connor, 1985) 

              ∫
∞

=
0

R(t)dtMTTF . 

Using integration by parts and property R (∞) = 0 give ∫
∞

=
0

R(t)dtMTTF .            (11)   
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   Mean time to failure should be used in the case of simple components which are not 
repaired when they fail but are replaced by good components. 

    Mean time between failures is the mean time between two successive component 
failures and should be used with repaired equipment or systems. Let Ti be the MTTF of ith 
component of a system having n components, all of different ages. If each of which is 
replaced immediately on failure, then 

                                  
∑

=

= n

1i
iT

1MTBF .                                      (12) 

 It can be noted that for the useful life between t1 and t2, MTTF and MTBF are equal, 

and 

(i) when the system is first operated with all new components, MTTF and MTBF will be 
identical. 

The Normal Failure Law 

  There are many types of components whose failure behavior may be represented by 
the normal distribution. That is, if T is the life length (the time to failure) of item, its density 
is given by 

                             ⎥
⎦

⎤
⎢
⎣

⎡ −
−= 2

2

σ
μ)(t

2
1exp

π2σ
1f(t) ,                                    (13) 

 where μ is the mean and σ the standard deviation. 

   Then we note that T must be greater than or equal to zero. As the shape of the normal 
density indicates, a normal failure law implies that the most of the item fail around the mean 
failure time, E (T) = μ (Figures- 1) and the number of failure decreases (symmetrically) as  
⏐T - μ⏐ increases (Figure- 2). 

 
        Figure (1) t satisfying {t |⏐T - μ |< 2σ}         Figure (2) A general reliability curve  

   The reliability function of the normal failure law may be expressed in terms of the 
tabulated normal distribution function φ as follows: 
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Example 

  Suppose that T, the time to failure of an item is normally distributed with E (T) equals 
90 hours and standard deviation 5 hours. In order to achieve a reliability of 0.99, how many 
hours of operation may be considered?  

Solution 

        E (T) = μ = 90, σ = 5. By using (14),   

  0.99t)P(TR(t) =>=  

  1 −φ ⎟
⎠
⎞

⎜
⎝
⎛ −

σ
μt  = 0.99 

  φ ⎟
⎠
⎞⎜

⎝
⎛ −

5
09t  = 0.01 

  32.2
5
90t −=−  

   t = 78.4  

  Hence, we need 78.4 hours in order to achieve a reliability of 0.99. 

The Exponential Failure Law  

   The exponential failure law is the one whose time to failure is described by the 
exponential distribution. It can be characterized in a number of ways, but the simplest way is 
to suppose that the failure rate is a constant. That is h(t) = α. (α is a constant) 

   An immediate consequence of this assumption is, 

                ∫=
t

0
h(s)ds

h(t)ef(t) ,  

that the probability density function associated with the time to failure T, is given by 
                0t,eαf(t) αt >= − .  

Therefore, [ ] tα
t

0

t

0

sα ee1f(s)ds1F(t)1R(t) −− =−=−=−= ∫  and the exceptive time to 

failure, E(T) = 
α
1   and α

e
eα

R(t)
f(t)h(t) tα

tα

=== −

−

 (constant).                                 (15) 

Example 

       Suppose that the life length of an electronic device is exponentially distributed. It is 
known that the reliability of the device for a 100 hours period of operation is 0.90. How many 
hours of operation may be considered to achieve a reliability of 0.95?   

Solution  

 t = 100,   R(t) = 0.90. By using (15),  

                   R(t) = e– αt 

                   0.90 = e– 100 α 
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                   α =  
100

90.0ln
−

  = 0.0011hours.  

 α = 0.0011,   R(t) = 0.95,    

                   0.95 = e– 0.0011 t 

                   t = 
0011.0

95.0ln
−

  = 46.63 hours. 

The Weibull Failure Law 

   In 1951, Waloddi Weibull, a Swedish engineer introduced what he called “a statistical 
distribution function of wide applicability”. He used, instead of a simple variable in the 
exponent, a polynomial term, (Wiliams, 1991) 
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where the parameters c and m are positive. Differentiation gives 
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Therefore, the Weibull mean is 
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Its cumulative failure rate, H(t), is 
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Example 

   The manufacturer of a sonar system used by fishermen wants how many sonar 
systems will, on the average, fail in their first 9000h of normal use (9000h is approximately 
one year). Experience with the sonar system indicate that its failure rate can be modeled with 
a Weibull random variable having a shape parameter of m equals  0.3 and a time parameter of 
c equals 90.5 × 106 h.  

Solution 

m = 0.3, c = 90.5 × 106 h.  

The cumulative failure rate for Weibull model is    
m

c
tH(t) ⎟

⎠
⎞

⎜
⎝
⎛= . 

 
0.3

61090.5
9000H(9000h) ⎟

⎠
⎞

⎜
⎝
⎛

×
=  = 0.06299  

       The manufacturer of the sonar system should expect that 6 out of each 100 units sold 
will, with use, fail in the first year. 

The Exponential Failure Law and The Poisson Distribution  
    Let X be the number of disturbances occurring during a time interval of length t and 
suppose that X, t ≥ 0, constitutes process. That is for any fixed t, the random variable X has a 
Poisson distribution with parameter α t. (Grimmett and Welsh, 1986) 

  Suppose that failure during [0, t] is caused iff at least one such disturbance occurs. Let 
T be the time to failure and assume to be a continuous random variable. Then 

           F(t) = 1 – p(T ≤ t) = 1 – p (T > t). 

 Now , T > t iff no disturbance occurs during [0, t] and this happens iff X = 0. 

Hence 

           F(t) = 1 – P(X = 0) = 1 – eαt .                                                    (18)  

  And this represents the distribution function of an exponential failure. 

 The above idea may be generalized as follows: 

(a) Suppose that disturbances appear according to a Poisson process. Assume that whenever 
such a disturbance does not appear, there is a constant probability p that it will not cause 
failure. Therefore, if T represents the time to failure, we have  

F(t) = P(T ≤ t) = 1 – P (T > t). This time, T > t iff no disturbance occurs, or one disturbance 
occurred and no failure resulted or two disturbance. 
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Hence  

  F(t) = 1 – [ e–αt + (αt) e–αt p + (αt)2 e–αt p2 + (αt)3 e–αt p3 +  …  ] 

   = 1 – e–αt  [∑
∞

=0 !
)(

k

k

k
tpα ]   

   = 1 – e– αt  eαtp   

   = 1 – e– αt (1 – p). 

Thus T has an exponential failure law parameter α(1 – p). 

(b)  Suppose that disturbances appear according to a Poisson process, and assuming that the 
failure occurs whenever “r” of more disturbances (t ≥ 1) occur during an interval of length t.  

If T is time to failure, Then F(t) = 1 – p(T > t) and in this case T > t iff      

(r – 1) fewer disturbances occur. 

Therefore 

  F(t) = 1−∑
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e)t(   

       = 1n1n
t

0

e)s(
1)!-(

−−α
γ

α
∫  ,                                                                 (19) 

which is the distribution of a Gamma distribution. Thus the above “cause of failure” leads to 
the conclusion that time to failure follow a Gamma failure law. 

Reliability of Systems 

Structure functions 

  Consider a system consisting of n components, and suppose that each component is 
either functioning or has failed. To indicate whether or not the ith component is functioning, 
we define the indicator variable xi by (Tobias, et al., 1986) 

         xi  =    1, if the ith component is functioning  

     0, if the ith component has failed.    

The vector x = (x1, x2, … , xn)  is called the state vector. 

  Suppose that whether or not the system as a whole is functioning is completely 
determined by the state vector x. 

 It is supposed that there exists the structure function φ(x) such that 

     φ(x)  =    1, if the system is functioning when the state vector is  x  

         0, if the system has failed when the state vector is x  .  
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  A system will consist of a finite number of components connector in series or in 
parallel or in combination of series and parallel. The concept of system reliability is a 
measure of how well the system performs or meets its design objects.  
  The series and parallel systems are both special cases of a k-out-of-n system. Such a 
system functions if and only if at least k out of the n components are functioning. The 
structure function is given by 

        φ(x) =    1, if  ∑
=

n

1i
ix  ≥ k  

                                0, if  ∑
=

n

1i
ix  < k. 

Series System 
  A series system is a system (Figure- 3) in which all components are so connected that 
the entire system will fail if any one of its components fails. The series system is the most 
commonly encountered model and the simplest one.     

  
     Figure (3) n components are hooked up in series  

  If n components, functioning independently, are connecter in series, and if the ith 
component has reliability (t)R i , then the reliability of the entire system, (t)R s , is given by  

    (t)R s = ∏
=

n

1i
i (t)R . 

Then          ln [ (t)R s ] =  ∑
=

n

1i

ln[ (t)R i ] .                (20) 

Differentiating both sides of the (20) with respect to time  

   
(t)R
(t)R

s

s′  =  ∑
=

′n

1i i

i

(t)R
(t)R  , 

and   h(t) = (t))h((t))h( i

n

1i
i −−∑

=

 and hence (t)h s = ∑
=

n

1i
i (t)h .  

 The n components have the constant failure iα  corresponding to exponential random 
variable   

   (t)h s = ∑
=

n

1i
iα  =  sα    

and the system  reliability  (t)R s = ∏
=

n

1i
i (t)R becomes (t)R s = tαse− . 

Therefore the mean time between failures for the series system is   

1 2 n 
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   MTBF = dt(t)R
0

s∫
∞

 = dtse
0

tα-∫
∞

 =
sα

1 .                  (21) 

If  1α  = 2α = … = nα  = α, then  MTBF = 
αn 

1 .                  

Example 

  Consider an electronic circuit consisting of 4 silicon transistors, 10 silicon diodes, 
20 composition resistors, and 10 ceramic capacitors in continuous series operation. 

  Suppose that under certain stress conditions, each of these items has the following 
constant failure rates:  

  silicon transistors : 0.00001;  

  silicon diodes : 0.000002;  

  composition resistors : 0.000001;  

  ceramic capacitors : 0.000002. 

Find the exceptive time to failure. And also find the reliability function for the system 

for a 10 hours period of operation. 

Solution   

   silicon transistors :   0.00001 x 4  = 0.00004 
   silicon diodes :    0.000002 x 10  = 0.00002 
   composition resistors :  0.000001 x 20  = 0.00002 
   ceramic capacitors :        0.000002 x 10  = 0.00002 
                      0.00010   
 α = 0.00010,  
 Exceptive time to failure      E(T) = 

α
1  = 10000 hours. 

 Reliability function for the system R(t) = e– αt =  e– 0.0001 t     
 For 10 hours period of operation       R(10) =  0.999. 

Parallel system  

  A parallel system is a system that is not considered to have failed unless all 
components have failed. The reliability block diagram can be given in figure (4).  

 
Figure (4) Parallel System 

1 

2 

n 

input out put 
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  If n components functioning independently are operating in parallel, and if the ith  
component has reliability  (t)R i , then the reliability if the system, (t)R p , is given by  
   (t)R p = 1 − [ (1− (t)R1 )(1− (t)R 2 )… (1− (t)R n )] 

       =  1− ∏
=

n

1i

( 1 − (t)R1 ) .     (22) 

  In particular, if we consider 2 components parallel, system assuming the subsystem 1 
and 2 function independently. Then  

   (t)R p = 1 − (1− (t)R1 )(1− (t)R 2 ) 

       = (t)R1  + (t)R 2 − (t)R1 (t)R 2 . 

 If the failure distribution of the system is  

            pF = (t)F1 (t)F2  

      = (1− (t)R1 )(1− (t)R 2 ). 

If  (t)R1 = t1αe− , then  (t)R p = t1αe− + t2αe−  − )t2α1(αe +− . 

And mean time failure is   

   MTTF = dt(t)R
0

p∫
∞

 

        
pα

1  = ∫
∞

0

( t1αe− + t2αe− − )t2α1(αe +− ) dt 

        
pα

1  = 
1α

1 + 
2α

1  – 
21 αα

1
+

 

where  pα   is the failure rate for the parallel system.  

Also                (t)f p = 
dt
d  (t)Fp  

       = (t)f1 (t)F2 + (t)F2 (t)F1  

       = ( 1α
t1αe− ) (1− t2αe− ) + ( 2α

t2αe−  ) ( 1 − t1αe− )  

         (t)f p =  1α
t1αe−  +  2α

t2αe−  − ( 1α  + 2α ) )t2α1(αe +−  . 

And we have   (t)h p = 
(t)R
(t)f

p

P  

        = )t2α1(αt2αt1α

)t2α1(αt2αt1α

eee
)eα(αeαeα 2121

+−−−

+−−−

−+

+−+ .    

Example 
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  Suppose the electrical power distribution to a city is obtained from two independent 
transmission lines with failure of the transmission lines are 0.02 and 0.015, respectively. The 
lines are connected in parallel at the city so that if one line is interrupted the other will 
continue to supply the city with power. The failure (interruption) rates for the lines are 
assumed to be exponential.  Find the probability function, reliability function, hazard function 
and E(T) for the system for one year operation period. 

Solution  

  Transmission line A :  α1 = 0.02 failures per year. 

  Transmission line B :  α2 = 0.015 failures per year. 

The parallel system of transmission lines has the reliability 

 R(t) = t1αe− + t2αe−  − )t2α1(αe +−  

             = e– 0.02t + e– 0.015t – e– 0.035t 

  f(t) = F'(t) = [ 1 – R(t) ]'  

   = 0.02 e– 0.02t + 0.015 e– 0.015t – 0.035 e– 0.035t. 

For one year, 

  f(t) = 0.02 e– 0.02 (1) + 0.015 e– 0.015 (1) – 0.035 e– 0.035 (1)  

   = 0.000584462.  

R(t) = e– 0.02 (1) + e– 0.015 (1) – e– 0.035 (1)  

       = 0.999705196. 

h(t) = 
R(t)
f(t)  = 

999705196.0
000584462.0  = 0.000584175 .  

Mean time to failure of the system E(T) =  
1α

1 + 
2α

1  – 
21 αα

1
+

 

                  =  
02.0
1 + 

015.0
1  – 

035.0
1     

             =  88.1 years.  

Conclusion 

           Reliability theory has been developed for controlling the quality of a machine, making 
designs and many others. We hope that the information and observations of this paper will be 
useful for finding the probability of failures in the given time interval. It will support to study 
the mean time to failures on the system of components and the mean time between failures 
for two successive components.   
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